MATH3705 A — Test 1

Name and Student Number:
Total points: 20. No partial marks for Questions 1-4.

Closed book! Formula Sheet and Non-programmer calculators are allowed!

2] 1. L{tsin3t} =

() G )25 (& (@) -Er @ e

52+43)2 5249 5249)2 (s2+3)2 (s2+9)2

Solution: (e)

. . /
L{sin3t} = 225, = L{tsin3t} = — (F5) = (S2i59)2'

[2] 2. Find L{f(t)}, where f(t) = 2t3 — e~ cos(4t).

12 (543) 6 (s=3) 12 (s—3)

(a) 5 — (sjg)2+4 (b) 5 — (s—§)2+16 (c) 51— (s—3)2+16
6 (s43) 12 (s43)

(d) 5% (s+3)2+16 (e) 5T (54+3)2+16

Solution: (e)

By linearity of LT and the First Shift Theorem, we have

~2(3)) (s+3)
PO ==3 ~Gisp+16

< .
[2] 3. Let f(t) be 2-periodic for t > 0, and f(t) = { ?’ (1) P i i ;’ Find L{f(t)}.

1+s)e 5 —(14+2s)e"2¢ se”%—(142s)e”%* I+s)e”*—(2s)e"2*
(a) o )82(1—(6:25)) (b) 32(£_—Z*2)5) (C) ( +s)2(1—e(*25))

(d) se”*—(2s)e 2" (e) (s—1)e 5 —(142s)e™28

s2(1—e—29) s2(1—e—29)



Solution: (a)

1 2 . 1 2 .
ft)e stdt = ——— / te stdt.
1—e 2 /0 1—e2 /)

Note that, by integration-by-parts,

—st t —st —st t —st —st
/te“dt:/tde — = —/e dt=-———-"_ 40,
—S —S —S S S

L{f(t)} =

we have

L{f0)} =

1 —e2s

[2] 4. Calculate L{t\/t}.

() 25 ) 2% () 2n DX () Zs

Solution: (a)
(%)

$5/2

L{tvt} = L{t?} =
_GVT 3V

TgB/2 445/2°



[6] 5. Using the Laplace transform solve the differential equation
fl/ + f/ o 6f — 7O€4t
with boundary conditions f(0) = f/(0) = 0.
Solution: Applying Laplace transform to the two sides, we get the subsidiary equation

70

$°F + sF — 6F =
s—4

or

70

F(s) = (s—4)(s+3)(s—2)

By partial fraction

70 A B C
(s—4)(s+3)(s—2) s—4+s+3+s—2
70 = A(s+3)(s—2)+B(s—4)(s—2)+C(s+3)(s —4).

To find A, B, C, we use special s values: s =4 gives A =5, and s = —3 gives B = 2, and
s = 2 gives C' = —7. Putting all this together we have

5 2 -7

F(s) =
(5) 3—3+5+3+3—2’

Thus
f(t) = 5% 4273 — 7€,
. _ _ 6735

Solution: Let G(s) = By partial fraction, we have

—5
s(s2+4s+5) "

“l,skd 1 s+2 2
s sS2445+5 s (s+2)2+1  (s+2)2+1°

Thus
g(t) = =1+ e cos(t) + 2e~* sin(t).

By the Second Shift Theorem,

f&) =u(t—3) [-1+ e cos(t — 3) + 22 sin(t — 3)] .



